We study the spectrum of a timelike Killing vector field Z acting as a differential operator on the solution space H m ∶= {u (◻ g + m 2 )u = 0} of the Klein-Gordon equation on a globally hyperbolic stationary spacetime (M, g) with compact Cauchy hypersurface Σ. We endow H m with a natural inner product, so that D Z = 1 i ∇ Z is a self-adjoint operator on H m with discrete spectrum {λ j (m)}. In earlier work, we proved a Weyl law for the number of eigenvalues λ j (m) in an interval for fixed mass m. In this sequel, we prove a Weyl law along 'ladders' {(m, λ j (m) ∶ m ∈ R + } such that
In a recent article [SZ18] , the authors introduced a generalization of the Gutzwiller-Duistermaat-Guillemin trace formula and Weyl law on a globally hyperbolic, stationary spacetime (M, g) of dimension n with compact Cauchy hypersurface Σ. The trace formula was for the trace Tr e tZ ker ◻g of the translation operator e tZ by the flow of the timelike Killing vector field Z on the space ker ◻ g of null-solutions of the Klein-Gordon operator ◻ g . To define the trace, a Hilbert space structure is introduced on ker ◻ g , and the trace is expressed as an integral over Σ of a spacelike (n − 1)-form constructed from the solution operator E of the Cauchy problem. One of the principal ingredients was the description of E as a Fourier integral operator in [DH72, Theorem 6.5.3 and Theorem 6.6.1]. A second principal ingredient was the calculation by Duistermaat-Guillemin [DG75] of the trace Tr exp it √ −∆ of the wave group of a compact Riemannian manifold (Σ, h) using the symbol calculus of Fourier integral operators. The authors of [DH72] write that one motivation for their article was to clarify the nature of 'propagators' in relativistic quantum mechanics, and their article has since become foundational for quantum field theory on a curved spacetime. The relativistic trace formula of [SZ18] grew naturally from the combination of results of [DH72, DG75] , and suggests that much of spectral asymptotics in non-relativistic quantum mechanics has a generalizations to globally hyperbolic, stationary spacetimes. The present article is a continuation of [SZ18] , still in the setting of a globally hyperbolic, stationary spacetime (M, g) with compact Cauchy hypersurface Σ. In [SZ18] , the spectral problem was that of D Z = 1 i ∇ Z in ker ◻ g , or more generally the kernel of ◻ g + V where V is a D Z -invariant potential V . In this article, we fix V = m 2 (the mass squared), and study the spectrum of D Z in the kernel H (m) ∶= ker(◻ g + m 2 ),
of the Klein-Gordon operator
In Section 3, we equip H (m) with an energy inner product (Definition 3.1) so that (1) becomes a Hilbert space when m = 0. The main idea of this article is to treat m as a semi-classical parameter, so that in effect we study the semi-classical Klein-Gordon operator m −2 ◻ g +1 in the semi-classical limit m → ∞. Although it is rather obvious that m −1 is formally analogous to the Planck constant ̵ h in a non-relativistic Schrödinger operator, we have not found prior studies of semi-classical mass asymptotics for the Klein -Gordon operator. Equivalently, since [◻ g , D Z ] = 0, we are studying the joint spectrum {(m 2 , λ j (m))}of (◻ g , D Z ), i.e. ⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ (◻ g − m 2 )u = 0,
in the spirit of equivariant spectral asymptotics. Since D Z is first order, we reparametrize the joint spectrum as {(m, λ j (m)), m ∈ R}, and study the parametrized eigenvalues m → λ j (m) as m → ∞, λ j (m) → ∞ in such a way that λ j (m) m tends to a limit value ν ∈ R. Following [GS82] , we refer to such pairs as a 'ray' or 'ladder' L ν in the joint spectrum. As is pointed out in [GU89] , ladder asymptotics can be used to obtain semi-classical asymptotics, and that is our purpose in this article.
The basic goal is to determine the asymptotics as m → ∞ of the mass-semi-classical Weyl eigenvalue counting function,
where C > 0 is a given constant. Theorem 1.3 gives asymptotics as m → ∞ of these Weyl spectral functions. To study this sharp counting function, we first smooth out the indicator function 1 [−C,C] to a Schwartz function ψ ∈ S(R) withψ ∈ C ∞ 0 (R) and form, N ν,ψ (m) ∶= j∈Z ψ(λ j (m) − νm).
(4)
The asymptotics of this smoothed Weyl function are determined in Theorem 1.2, and the asymptotics of (3) are determined in Theorem 1.3. We view the eigenvalues of D Z on H m as 'energy levels' of a mass m free particle. In special relativity the energy of particle is the time component of its 4-momentum. Here we view the classical energy E of a mass m geodesic γ as the constant value ⟨Z,γ⟩, which plays the role of the time component of its 4-momentum. Mass semi-classical asymptotics determines how Klein-Gordon particles scale at large energies when the mass m and energy E are scaled in the same way. Having a fixed ratio E m intuitively means roughly that the velocity of the particle is fixed while letting m, E → ∞. This is explained in detail in Section 0.6.
The study of the joint spectrum of (◻ g , D Z ) may seem reminiscent of the study of the joint spectrum of the Laplacian ∆ h and a Killing vector field Z on a compact manifold (Σ, h), e.g. the Laplacian on a surface of revolution. Among the many articles studying equivariant spectral asymptotics and its applications to semi-classical asymptotics, the article [GU89] is most relevant to our results and we refer there for references to the literature. The equations (2) seem formally analogous to (∆ g + λ 2 )u = 0, D Z = λu in L 2 (Σ, dV h ), but there is a fundamental difference in the way that we treat the joint spectral problem: as in [SZ18] , we do not study the joint spectrum on L 2 (M, dV ), but rather endow (1) with its own Hilbertian inner product (Definition 3.1 in Section 3). Hence a 'ladder' in the joint spectrum involves the spectrum of D Z in the one-parameter family (1) of Hilbert spaces. Since this type of joint spectral problem is non-standard even in the case of product ('ultra-static') spacetimes, we include a short Section 12 to explain what it boils down to in the (rather trivial) product case. 0.1. Homogenizing and discretizing the m parameter. To deal with the one-parameter family (1) of Hilbert spaces as m → ∞, we construct the globally hyperbolic stationary spacetime ( M ,g) = (M, g) × S 1 T , where S 1 T = R T Z, and where we take the semi-Riemannian product of the Lorentzian manifold (M, g) with S 1 T . The circle factor S 1 is spacelike, so that the metricg = g ⊕ (ds 2 ) is Lorentzian of signature (−1, +1, . . . , +1), and has the compact Cauchy hypersurface Σ × S 1 T . The group R × S 1 T acts by isometries, where R acts by the Killing flow e tZ and S 1 T acts on the S 1 T factor. The eigenvalues of D s are m k = 2π T k with k ∈ Z. Since T is arbitrary we essentially obtain all mass parameter values, and since we are interested in ladders, little is lost by the discretization.
Notational Conventions To avoid cluttering up the notation, we usually assume that T = 2π and write S 1 for S 1 = S 1 2π . We often use the notation C n for any purely dimensional constant that may vary in each occurrence.
When it could be confusing whether a point ζ lies in T * M or T * M , we use the notation ζ = (x, ξ) for the former and ζ = (x,ξ) for the latter. When there is no possibility of confusion, we drop the tilde's. In homogeneous quantization, one often deletes the zero section of a cotangent bundle and works onṪ * M = T * M 0.
Our signature convention is (−, +, ⋯, +) but ◻ g is minus the Lorentzian Laplacian. The Minkowski metric is thus −dt 2 + ∑ j dx 2 j and its Klein-Gordon operator is ∂ 2 ∂t 2 − ∆ + m 2 . Note that −∆ is a positive operator, and that the mass term m 2 is positive, so that the semi-classical symbol −τ 2 + ξ 2 + m 2 has zeros on the two-sheeted mass hyperboloid (bundle) τ 2 = ξ 2 + m 2 .
Finally, we use the term Liouville measure for general surface measures µ L induced by the symplectic volume measure Ω on co-isotropic submanifolds defined by some Poissoncommuting functions. In the case of a hypersurface {H = E} in a symplectic manifold, the Liouville measure is given by
For a co-dimension two surface {f 1 = E 1 , f 2 = E 2 }, the Liouville measure is given by
0.2. Quantum ladders. We define the null-space of the wave operator◻ =◻g of ( M ,g),
i.e. the space of smooth solutions. Following [SZ18] , we endow in Section 3 the space of smooth solutions ker◻ ∩ C ∞ with a positive semi-definite quadratic form with finite dimensional nullspace and define H KG as the completion in the associated topology. This therefore defines a notion of a trace Tr H KG . We are interested in the joint spectrum of R × S 1 T on the null-space (5), where R acts by the Killing flow e tZ and S 1 T acts on the S 1 factor. The results of [SZ18] apply directly to the spectrum of D Z or D s in (5), and in particular imply that the spectrum of the R × S 1 T action on ker◻ is discrete and consists of pairs
Under the S 1 action, (5) splits up into Fourier modes of S 1 (i.e. the eigenspaces of D s in (5)),
A 'ladder subspace' of (6) is, roughly speaking, defined as the kernel,
of the operator,
Since the eigenvalues do not lie on a lattice, this heuristic definition is not literally correct and only provides intuition. The precise definition is that the joint eigenvalues {(m, λ j (m)} lie in a strip (or thickening) of the ray {(m, λ) λ = νm}. To make this precise, we introduce test functions ψ withψ ∈ C ∞ 0 and define the the 'fuzzy' ladder subspace to be the range of the operator
The spectral problem is then to find the distribution of eigenvalues of D Z in a ladder. The notion of a fuzzy ladder is due to Guillemin-Uribe [GU89] in the compact elliptic setting. We will see that our results have many overlaps, and also significant differences, with [GU89] .
Remark 0.1. In [SZ18] , the authors studied the distribution of eigenvalues of D Z in a fixed Klein-Gordon space (1). In terms of ladders, the mass m is fixed, and if we think of m as the vertical axis, the corresponding ladder is horizontal. Horizontal ladders do not fit well with ladder notation. If we replace (8) by µD Z − D s , then a horizontal ladder cutoff would correspond to µ = 0 and ψ(D s ) can be thought of as localizing around m = 0 in the spectrum of D s . Since we assume thatψ ∈ C ∞ 0 (R), it requires Tauberian theorems to make such localizations. 0.3. Generating functions and their singularities. To find the asymptotics as m → ∞ of (4) and then (3), we form the generating functions,
The Weyl functions (4) are essentially the Fourier coefficients of these generating functions in the decomposition (6). More precisely, Υ
(2) ν,ψ is the Fourier transform of the periodic ladder spectral function, dN
and Υ
(2) ν,ψ is the Fourier transform of the ladder spectral function,
To determine the behavior of (4) as m → ∞, it suffices to determine the singularities at s = 0 of these generating functions. The Weyl asymptotics of (4) follows from a singularity analysis of (10) by a Fourier Tauberian theorem. The results are reminiscent of the ladder asymptotics of Guillemin-Uribe [GU89] in the compact elliptic setting, and as they explain, the singularities of Υ 1 ν,ψ resp. Υ 2 ν,ψ at s = 0 are essentially the same. In fact, it is simpler to use Υ (1) ν,ψ and only sum over m ≥ 0. The sum is then a Hardy distribution, and as in [GU89, Section 7] one can easily determine the large m asymptotics from the singularities by matching periodic distributions on S 1 . 0.4. Classical ladders. It is well-known in spectral asymptotics that the singularities of (10) are controlled by an underlying classical Hamiltonian dynamical system. We need to define it before stating our main results. More details will be given in Section 2.3.
The characteristic variety of◻ is the null-cone bundle,
whereg(ξ, ξ) is the Lorentzian inner product of M. The quotient of Char(◻) by the (null) geodesic flowG t ∶ T * M → T * M is the symplectic cone,
which is called the space of future directed scaled null-geodesics of ( M ,g). In [SZ18] it is shown to be a homogeneous (i.e. conic) symplectic manifold, and it is explained thatÑ is the symplectic cone of dimension 2n corresponding to the Hilbert space H KG in the sense of geometric quantization. The R × S 1 action lifts to T * M as a Hamiltonian action with classical moment map
For notational simplicity, we set
We also denote the Hamilton vector field of a function f (on any cotangent bundle or symplectic manifold) by H f and we denote its Hamiltonian flow by exp tH f . Given ν ∈ R + , the principal symbol of (8) is the Hamiltonian
Definition 0.2. The classical ladder L ν is the double characteristic variety DChar ν = Char(◻, P ν ), i.e. the set of (x, ξ)
We assume throughout that (M, g) is a standard stationary spacetime, so that we may choose a Cauchy hypersurface Σ of M and represent M = R × Σ with Z = ∂ ∂t (see Section 2). We let coordinates (t, x, s) be corresponding coordinates on M × S 1 ≃ R × Σ × S 1 , and let (τ, ξ, σ) be the dual symplectic coordinates. As explained in more detail in Sections 2.2-(2.3),
The equations of the double characteristic variety are then,
Thus, σ plays the role of the mass parameter.
Definition 0.3. We say that ν is admissible if 0 is in the range of p ν onÑ and is a regular value.
Criteria for admissibility in terms of Killing horizons are given in Section 2.4. In Theorems 1.1 and 1.2 we assume that ν is admissible in the sense of Definition 0.3. To understand this condition, we use the equations to eliminate σ and find that DChar ν corresponds to points of T * M satisfying
As will be proved in Proposition 2.3, the projection of DChar ν to M equals set (33) of M where Z − ν ∂ ∂s is spacelike, and thus is bounded by the Killing horizon. It follows that DChar ν is empty if ν is such that Z − ν ∂ ∂s is nowhere spacelike. For instance, if M = R × Σ is a product spacetime with metric −dt 2 + h, then the equation states that ξ 2 h = (1 − ν −2 )τ 2 , which has no solutions unless ν ≥ 1.
To obtain a Hamiltonian flow on a symplectic manifold, we reduce the classical ladder. Since p Z , p s are constant on orbits of the geodesic flow, the moment map is well defined as a map on (14), and defines a reduced moment map,
Definition 0.4. A reduced classical ladder L ν is the co-isotropic submanifold,
(20) L ν is a conic hypersurface ofÑ whose null-foliation is given by orbits of the Hamiltonian flow of p ν (16) on the symplectic manifoldÑ . 0.5. The governing dynamical system. As mentioned above, the singularities of (10) correspond to periods s of a Hamiltonian flow on a symplectic manifold. We say that this Hamiltonian system 'controls' the singularities of (10). The flow for massive ladders is obtained by reducing the joint Hamiltonian flow of p Z , p s onÑ with respect to σ = 1. For the massless ladder it is obtained by reducing with respect to σ = 0. Setting σ = 1 is arbitrary, reflecting the fact that taking the product M = M × S 1 is an artifice whose purpose is simply to homogenize the semi-classical theory. Reducing with respect to σ = 1 is one way to de-homogenize the theory. Since we will set p ν = 0 (16), setting σ = 1 is equivalent to setting p Z = ν inṪ * M.
First let us consider the reduced symplectic manifold obtained from (17) by setting p s = σ = 1 inÑ and quotienting it by the Hamiltonian S 1 action. This of course un-does the product with S 1 that defines M → M but depends on the level σ = 1. Evidently, the reduction of the equations (17) in T * M gives,
The first equation defines the unit 'hyperboloid bundle' of T * M (see Section 2.2). The second equation gives a 'time-slice of each cotangent space hyperboloid, selecting out a 'sphere' in each cotangent space. We note that p Z is constant on G t -orbits in the hyperboloid bundle, so it descends to the quotient,
where ∼ is the equivalent relation of lying on the same orbit of the geodesic flow.
Definition 0.5. Let ν be admissible in the sense of Definition 0.3. The governing dynamical system for (10) is the Killing flow of e tZ on the level set
Remark 0.6. In the massless case of [SZ18] , the governing dynamical system is the Hamiltonian flow e tZ of p Z on the conic symplectic manifold N of null geodesics. Since p Z is homogeneous, its Hamiltonian flow has the same periods on all non-zero level sets.
We introduce the following notation for volume forms.
Definition 0.7. For a general symplectic manifold, we denote by Ω its symplectic volume form. Given a Hamiltonian H we denote by µ L = Ω dH the Liouville volume form on a level set of H. Thus, Ω N denotes the symplectic volume form of N , and µ Nν denote Liouville measure on the set N ν . The Liouville measure of N 1 (ν) can be computed explicitly for a standard spacetime. When ν is a regular value of p Z , it is given by
The derivation of this formula can be found in the proof of Corollary 2.5. 0.6. Physical interpretation of the governing dynamical system. Propagation of light and of particles at extremely high energy follows the rules of geometrical optics on spacetimes in the sense that singularities travel on lightlike geodesics. In this sense the natural dynamical system associated with the high energy limit of [SZ18] was the dynamics on the space of lightlike geodesics. Here the ladder theory corresponds to increasing the energy at the same time as the mass and keeping the ratio between mass and energy at a fixed rate ν. This amounts to fixing the ratio between energy and momentum. One therefore ends up with a dynamical system on a space of timelike geodesics, thus corresponding to the dynamics of particles traveling at less than the speed of light in the gravitational field. The parameter ν plays as similar role as the famous Lorentz factor (1 − v 2 ) − 1 2 does in Minkowski spacetime (here units are chosen so that the speed of light c equals 1). To see this in a general stationary spacetime assume that we have a metric of the form g = −N 2 dt 2 + h ij (dx i + β i dt)(dx j + β j dt) as in (28) (see Section 2 for details) with a Lapse function N and a shift vector field β. Now assume that γ(t) is a timelike geodesic in M corresponding to the dynamics in N 1 (ν), i.e. with the property that g( d dt γ(t), d dt γ(t)) = −1 and such that g(Z, d dt γ(t)) = ν. If we fix the mass m to be one then the covector ξ(t) associated to d dt γ(t) corresponds to the relativistic momentum of the particle: in local coordinates this momentum has the energy as its time component and the momentum as its spatial component. If we choose a local orthonormal frame that identifies the tangent space at a point x ∈ M with Minkowski space so that the Killing vector Z is given at x by the vector N 2 − β 2 h ∂ t 0 , then such a geodesic will have relativistic momentum with t 0 -component equal to ν(N 2 − β 2 h ) − 1 2 and with spatial component of length
and thus,
Note that the speed is not constant since the particle moves in a gravitational field, but ν is a conserved quantity and has frame-independent meaning once Z is fixed. In the product case we have N = 1 and β = 0 and this reduces to the Lorentz factor.
Statement of results
Our goal is to determine the singularity at s = 0 of Υ (1) ν,ψ (s), and to apply the result to prove a Weyl law for the joint spectrum along the ray. By elaborating the techniques, we could develop the theory as in [SZ18] to prove a Gutzwiller formula giving the singularities of the trace at non-zero s in terms of periods of periodic orbits of the governing Hamiltonian flow of Section 0.5. However, we do not give the details of the calculations of the singularities at s = 0 for the sake of expository brevity. Henceforth we redefine (10) as a Hardy distribution,
We show that Υ (1) is a polyhomogeneous Hardy distribution with a co-normal singularity at s = 0, i.e. it has a singularity expansion as a sum of model periodic distributions defined by the Fourier series (cf.
where ω ∈ S 1 . In general the ω arise as holonomies corresponding to singularities at s = 0. For the singularity at s = 0, ω = 1 and the singularity is the same as for the model homogeneous distributions µ k (s) on R, defined by the oscillatory integrals (cf. [GS77, GU89] )
Theorem 1.1. Let (M, g) be a spatially compact stationary globally hyperbolic spacetime with dim M = n, with timelike Killing vector field Z, let ν be admissible in the sense of Definition 0.3. Let ψ ∈ S(R) withψ ∈ C ∞ 0 (R). Then, Υ
(1) ν,ψ (s) = Tr H KG Π ν,ψ e itDs (25) is a Hardy Fourier integral distribution on S 1 with a conormal singularity at t = 0. That is,
ν,ψ (t) = e 0;ν,ψ (t) + ρ 0;ν,ψ (t) where ρ 0;ν,ψ (t) is a distribution that is smooth near 0, and e 0;ν,ψ (t) is a Lagrangian distribution with singularity at t = 0 of the form
where µ L is the Liouville measure on N 1 (ν) (see Definition 0.5). The singular support of Υ
where P ν is the set of periods of periodic orbits of e tZ on N 1 (ν) in the support ofψ.
There is very similar statement for Υ
(2) ν,ψ (t). Dually, we obtain an asymptotic expansion for smoothed ladder Weyl spectral functions.
Theorem 1.2. Let (M, g) satisfy the assumptions of Theorem 1.1. Let {λ j (m)} ∞ j=1 be the eigenvalues of D Z in H m (1), and let ν be admissible. Let ψ ∈ S(R) withψ ∈ C ∞ 0 (R) of sufficiently small support around t = 0 so that no other periods of periodic orbits of e tZ onÑ lie in its support. Then, there exists a complete asymptotic expansion as m → ∞, 
In fact, as in [DG75, Lemma 3.3], the hypothesis of non-degeneracy may be weakened to the statement that the fixed point sets of the Killing flow e tZ on N 1 (ν) for t = 0 are of Liouville measure zero. The need for such an hypothesis is illustrated in the product case in Section 12, where the spectral problem coincides with the one studied in [DG75] . When the Hamilton flow is periodic, the ladder eigenvalues {λ j (m)} ∞ m=1 cluster along an arithmetic progression (depending on m), and one does not have two-term Weyl asymptotics. This phenomenon is well-known in spectral asymptotics and is discussed for compact elliptic ladder asymptotics on [GU89, page 420]. The sharp Weyl result is deduced from Theorem 1.2 by a Tauberian theorem as in [BrU91, Theorem 3.2]. To prove it, we will need a slight extension of Theorem 1.2, where we remove the assumption on suppψ.
Lemma 1.4. With the same notation as in Theorem 1.2, assume that the set of periodic orbits of e tZ of period t = 0 on (26) have measure zero. Let ψ ∈ S(R) withψ ∈ C ∞ 0 (R). Then, N ν,ψ (m) = m n−2 a 0 (ν, ψ) + o(m n−2 ).
Remark 1.5. The Weyl asymptotics are consistent with the elementary product case (72). They are referred to as 'differentiated Weyl laws' in spectral asymptotics, because they count eigenvalues in short intervals. For this reason, the order of the singularity in Lemma 1.1 and the order of growth of eigenvalues in Theorem 1.3 differ by 1 from the orders in the massless case of [SZ18] . As mentioned above, the trace asymptotics of [SZ18] correspond to horizontal ladders, while the techniques of this paper require that 0 < ν < ∞.
1.1. Relation to compact elliptic ladder asymptotics. As mentioned above, Theorem 1.1 is not simply the ladder asymptotics of [GU89] transported to the Lorentzian setting, because H KG is not an L 2 subspace of L 2 ( M , dVg), and there does not exist an orthogonal projection from the latter to the former. In Section 12 we specialize the results to the case of product spacetimes in order to clarify the nature of the results in this special case and to tie together the traces (10) on the Hilbert spaces (1) with the compact elliptic ladder asymptotics as in [GU89] , as well as with traditional semi-classical asymptotics.
Let us explain the analogies between objects of this article and objects in [GU89] . The Hilbert space (5) corresponds to the homogeneous symplectic manifold (14). Since (5) is the entire Hilbert space in our spectral problem, it plays the role of L 2 (X) in [GU89] . Hencẽ N plays the role of T * X in that article. As mentioned above, (15) generates a Hamiltonian R × S 1 action onÑ . Formally, the ladder Hilbert space (7) corresponds to the quotient,
where ∼ is the equivalence relation of belonging to the same orbit of the Hamiltonian flow e tZ e −tν ∂ ∂s of p ν . We reduce this Hamiltonian system by setting σ = 1 onÑ ν and dividing by the S 1 action, reducing to the Hamiltonian flow e tZ acting on the set {p Z = ν} ⊂ N 1 (22). In Section 2.3, we show that there exists a symplectic quotient for this action due to global hyperbolicity of the spacetime.
Remark 1.6. Since there exists a fibration of {ζ ∈Ñ ∶ p ν (ζ) = 0} →Ñ ν , there exists an algebra (denoted R Σ in [GS79]) of Fourier integral operators associated to this null foliation in the sense of [GS79] . However, the result of [GS79, Proposition 4.1] on existence of projections R Σ is false in our setting (where the fibers are non-compact).
We defined the governing dynamical system in Section 0.5. Let us compare this flow with the 'governing Hamiltonian flow' in [GU89] , especially in its applications to semi-classical Schrödinger operators. In place of (15) of this article, the R ×S 1 action in [GU89] is generated by a positive elliptic operator P of order 1 and the same D s as in the present article. In the semi-classical application, one has Riemannian manifold N and defines M = N × S 1 . Let
s where V is the potential. Denote by a = σ, the generator of the S 1 action. Let {f t } be the Hamiltonian flow of the principal symbol p of P . Then the governing flow of [GU89] is the reduction of f t on the co-isotropic submanifold p = E, a = 1. More precisely, let Z = a −1 (1) and B = Z S 1 , and let π ∶ Z → B be the natural projection, and letp ∈ C ∞ (B) be the reduced symbol. Let {ϕ t } be the Hamilton flow ofp on B. The closed trajectories of ϕ t onp = E determine the singularities of Υ. Since Z = T * N × {σ = 1}, Z S 1 = T * N, and the governing flow is that of
As explained above, in this article,Ñ replaces T * (N × S 1 ). We set σ = 1 inÑ and divide to get N 1 . We then set p Z = ν on N 1 and study the Hamiltonian flow e tZ on this level set, analogously to the Hamiltonian flow on {H = E} in the compact elliptic setting.
1.2. Semi-classical heuristics. It would be natural to work semi-classically throughout rather than taking the product with S 1 and working homogeneously, which is rather artificial. To do this, one would need a semi-classical parametrix for the Green's functions of ◻ + m 2 (see Section 4.) Such a parametrix exists on Minkowski space, but to our knowledge it has not been generalized to general stationary spacetimes. Perhaps for this reason, the physical interpretation of high mass asymptotics has not been developed. In some sense, the semi-classical parametrix is defined implicitly in this article as a Fourier coefficient of the homogeneous parametrix on M . We hope to develop this theory further in a later article. The strategy of studying semi-classical asymptotics on M by using homogeneous asymptotics on M × S 1 was first used in [GU89] .
Although we homogenized the ladder asymptotics problem in Section 0.1, it is useful to keep in mind the corresponding objects in the semi-classical, non-homogeneous, picture with large parameter m. The Klein-Gordon operator m −2 ◻ g +1 on M has semi-classical symbol −g(ξ, ξ) + 1, and the semi-classical characteristic variety is the unit mass hyperboloid (bundle) g(ξ, ξ) = 1 (see Section 2.2.) We denote its quotient by the (massive) geodesic flow by N 1 .
The semi-classical symbol of m −1 D Z is p Z (x, ξ) = ⟨ξ, Z⟩ as above. Weyl asymptotics concerns the distribution of the eigenvalues λ j (m) with m −1 λ j (m) ≃ ν, which corresponds to the level set p Z = ν on the quotient N 1 . Note that the homogeneous approach gives the same governing Hamiltonian flow.
1.3. Organization. In Section 2 we review the geometry of globally hyperbolic stationary spacetimes from a more 'global geometric' view than in [SZ18] . This will prove useful when we analyze the symplectic geometry of the null geodesics of M = M × S 1 and the symplectic reduction in Sections 2.2-2.3. In Section 4, we review the existence of advanced/retarded Green's functions for the Klein-Gordon equation on M = M × S 1 and the Hilbert space inner product (Definition 3.1), on H KG , which does not differ in any essential way from the discussion in [SZ18] . In Section 6 we discuss the quantum ladder subspaces H ν,ψ in relation to symplectic reduction. Using this material, we prove Theorem 1.1 in Section 5.1. We then derive Theorem 1.2 in Section 10. In Section 11 we prove Theorem 1.3. In Section 12 we specialize to product spacetimes to compare the result with standard Weyl asymptotics.
Geometry of globally hyperbolic stationary spacetimes
In this section, we briefly review the geometry of globally hyperbolic stationary spacetimes. Lorentzian manifolds with a complete timelike Killing vector field are called stationary. If (M, g) is a stationary globally hyperbolic spacetime then (cf. [SZ18] )
where (Σ, h) is a Riemannian manifold, N ∶ Σ → R + is a positive smooth function, and η a a co-vector field on Σ. In this case ∂ t is a Killing vector field. Such stationary spacetimes are sometimes referred to as standard stationary spacetimes. If (M, g) is a spatially compact stationary globally hyperbolic spacetime then (M, g) isometric to a product R ×Σ with metric (27). It is sometimes convenient to write this metric in the form
where β (the shift vector field) is the vector field obtained from η by identifying vectors with co-vectors using h the above metric, i.e. β i = h ij η j in local coordinates. The coefficients are independent of t so that the vector field Z = ∂ ∂t is a timelike Killing vector field. We define K = M R to be the space of Killing orbits, i.e. the quotient of M by the R action defined by e tZ . We thus have an R-principal bundle π ∶ M → K whose fibers are Killing orbits [x] ∶= {e tZ ⋅ x t ∈ R}. A model for K is obtained by choosing a cross section to the Killing flow, and by definition any Cauchy hypersurface Σ defines such a cross section. A globally hyperbolic spacetime will be called spatially compact if there exists a compact Cauchy surface. In this case all Cauchy surfaces will be compact. Restriction of the the projection M → K to Σ gives a diffeomorphism Σ ≃ K. Thus, we obtain an identification of a product decomposition R × Σ with R × K. In terms of any choice of Cauchy hypersurface; we may also view the product decomposition as R × K, namely the R fiber bundle π ∶ M → K is a product bundle.
As in the presentation of Cortier-Minerbe [CM16] , the orthogonal distributions to the fibers determine a connection 1-form θ for which θ(Z) = 1, L Z θ = 0. The metric g on the horizontal spaces ker θ induces a metric g K on K. Define u by u 2 = −g(Z, Z). It is constant along the fibers (Killing orbits), hence defines a function on K. The spacetime metric is then:
Indeed, by definition, g and −u 2 θ⊗θ+π * g K agree on Z. Moreover they agree on the orthogonal complement to Z. Hence they agree on all vectors. For M = M × S 1 as above,g = g + ds 2 , so the standard metric on M has the form,
is globally hyperbolic andΣ a Cauchy surface then each element inÑ intersects Σ exactly once. The tangent (co-)vector of the geodesic is lightlike, and its pullback toΣ defines a covector inṪ * Σ . This defines an invertible map
since, for each element η ∈Ṫ * Σ , there is precisely one lightlike future directed covector ξ ∈ T * M ∖ 0 whose pull-back is η. We quote the following result from [SZ18, Proposition 6]:
Proposition 2.1. If ( M ,g) is a globally hyperbolic spacetime then the symplectic structure on N does not depend on the Cauchy surface, and for any Cauchy surface Σ the map (31) is a homogeneous symplectic diffeomorphism.
Moment maps.
We return to Section 0.4 and continue the discussion there. There are three commuting operators, 1 2◻ , D Z , D s on M , whose principal symbols are Poisson-commuting functions on T * M , given by
They jointly define the moment map,
If we omit the first component we get the homogeneous moment map (15). Both Z and ∂ ∂s are Killing vector fields, but Z is timelike and ∂ ∂s is spacelike. This moment map is not homogeneous and it is better to reduce the dimension and define the degree one homogeneous moment map (19) of the Hamiltonian action of R × S 1 onÑ . The Hamiltonian flow of (ξ, ξ) on Char(◻) is the null geodesic flowG t . We define the symplectic conic manifold of null geodesics of M as the orbit space (14). We refer to [SZ18] for proof that it is symplectic. It inherits the conic structure from Char(◻). OnÑ we have the reduced moment map (19).
Ladder varieties, their projections and the Killing horizon. The characteristic variety of◻ is
in the σ-hyperboloid. Thus, the double characteristic variety, the zero set of the map
At the regular points of ( 1 2 σ◻, p ν ) we have the Liouville density µ DCharν induced by this map. The equations define a codimension two homogeneous co-isotropic submanifold ofṪ * M . The purpose of this section is, first, to specify this submanifold more precisely for a standard spacetime. Secondly, we determine its projection to M and compare it to the Killing horizon of Z − ν ∂ ∂s . The projection may be viewed as the "classically allowed region" for our problem and we determine its boundary. We assume the metrics are in standard form (30) on M (see Definition 0.2) in coordinates (t, x, s) relative to a splitting M = R × Σ as in the previous section. We let τ, ξ, σ be the dual symplectic coordinates, i.e. they pick out the coefficients of dt, dx j , dσ in a co-vector df (t, x, s). We denote by DChar ν (s, σ) ⊂ T * M the slice of DChar ν where (s, σ) is held fixed, and identify it with a set in T * M.
A symplectic quotient of DChar ν is obtained by setting σ = 1 and dividing by the S 1 action, and then dividing by the geodesic flow to obtain N 1 (ν) = {p Z = mν} ⊂ N 1 . This hypersurface also has a symplectic quotient since each mass 1 geodesic intersects Σ exactly once.
The projection of DChar ν (s, σ) is closely related to the Killing horizonK of the Killing vector field of Z − ν ∂ ∂s . Recall that the Killing horizon is a null hypersurface to which a Killing field is normal (and has complete orbits). A Killing horizon is a null hypersurface defined by the vanishing of the norm of a Killing vector field (a null hypersurface is a hypersurface whose normal vector at every point is a null vector.)
is the set where Z − ν ∂ ∂s is spacelike, and we give it the term 'allowed region' by analogy with allowed regions {V ≤ E} for non-relativistic Schrödinger operators −h 2 ∆ + V . The region where Z − ν ∂ ∂s is timelike plays the role of the 'forbidden' region. We now determine DChar ν in phase space. For any manifold X, let π ∶ T * X → X be the natural projection.
and
The boundary of the projection is the Killing horizon, i.e. the null hypersurfaceK(ν) where Z − ν ∂ ∂s is lightlike. Proof. LetH(t, x, s; τ, ξ, σ) denote the norm-square functionξ ∈ T * M →g * (ξ,ξ) of the dual co-metric metricg * on T * M . The dual co-metric has the form,
and a little bit of algebra gives,
hence the double characteristic variety is defined by
Eliminating σ by the second equation, as in (18), we get a constraint equation for (τ, ξ) ∈ T * M:
Obviously, a necessary condition that (t, x, s; τ, ξ, σ) solve the equation is that (x, ξ) lies in the following set,
Since h(β, β) ≥ (β,ξ) 2 h −1 (ξ,ξ) for all ξ = 0, the projection of D Σ to Σ lies in (33). When Z − ν ∂ ∂s is timelike, the orthogonal complement of Z − ν ∂ ∂s has empty intersection with the null cone bundle. It follows that the projection of DChar ν is contained in (33) . Conversely, if (t, x, s) ∈ A ν then ξ = β ∈ D Σ . Hence, the projection equals (33).
Since the equations are independent of t, πDChar ν is the set We close this section with the following observation: Corollary 2.5. The Liouville measure µ of the level set τ − νσ = 0 in N m is given by
Proof. We first remark that reduction with respect to the Hamiltonian flow of 1 2 σ◻ can be achieved by choosing T * Σ as a cross section. The level σ = m and further reduction shows that N m can be identified with
We compute the volume over a point in R × Σ × S 1 with respect to Riemann normal coordinates y on Σ, so that h at this point is the identity matrix. We can choose these coordinates in such a way that dy 1 (β) = β h and dy k (β) = 0 for k > 1. We denote the coordinates of a covector in T * Σ in this coordinate system by (ξ 1 , ξ ⊥ ), where ξ ⊥ = (ξ 2 , . . . , ξ n−1 ). Inserting τ = νm + q in the equation for the unit hyperboloid bundle we obtain
A little bit of algebra gives
which defines a distorted ellipsoid of volume
taking the derivative in q gives
which yields the claimed formula for q = 0. Setting m = 1 gives the Liouville measure for N 1 (ν).
2.4. Admissibility. We now give equivalent criteria for admissibility in the sense of Definition 0.3.
This equation is independent of t and we may regard it as an equation on T * Σ. Hence we would like levels ν and find (x, ξ) such τ = ν and that
Take the derivative in ξ first, a necessary condition is,
.
For β(x) = 0, there exist two distinct solutions in ξ. We claim that the solution in the future sheet is,
One has the corresponding values h −1 (ξ, ξ) + 1 = N N 2 − β 2 , and the value of τ in the future pointing sheet is, τ + = N 2 − β 2 . It is the minimum value of τ on the forward sheet, and this fiber-wise critical point exists and is unique (on the forward sheet) for all (t, x) ∈ M. It follows that, if ν > max x∈Σ N 2 − β 2 , then ν is a regular value.
We have not yet considered derivatives in x, so that these values of τ + are only necessary conditions for a critical point. Fully critical points are those points x ∈ Σ which additionally satisfy d(N 2 − β 2 ) = 0.
By Lemma 2.2, the Killing horizon of Z − ν ∂ ∂s is the product of R × S 1 over the set, 
Hilbert space topology on H KG and quantum ladders
The space ker◻ ∩ C ∞ of smooth solutions of◻u = 0 is naturally a symplectic space, with symplectic form defined by
where integration is over any Cauchy surfaceΣ, and ν denotes the future directed unit normal vector field toΣ. By Green's identity, the definition does not depend on the choice of Cauchy surface. We now equip ker◻ ∩ C ∞ with the energy inner product on H KG (5). Letg = g + ds 2 be the Lorentzian metric on M . For u ∈ C ∞ ( M ), we define the stress-energy tensor T (u) by
Definition 3.1. The energy (quadratic) form of on the space ker◻
where ν is the unit normal toΣ, a spacelike hypersurface and Z is the timelike Killing vector field.
The following is a standard observation:
Lemma 3.2. If◻u = 0 then the covector field T (u)(Z) is divergence free.
We extend the definition of the quadratic form in a sesquilinear manner to complex valued functions. This quadratic form is independent of the chosen Cauchy surface. As verified in [SZ18] , for all u ∈ ker◻ and related to the symplectic form by
The quadratic form is positive definite in du and therefore only positive semi-definite on ker◻. The kernel of Q is one dimensional and spanned by the constant function. In ker◻ we have the two dimensional invariant subspace spanned by the functions 1 and t. On this subspace the operator D Z is not diagonalisable but has a nontrivial Jordan-block. We will denote this space spanned by {1, t} by V 0 as it is the generalized eigenspace of the operator D Z with eigenvalue 0. If V is the symplectic complement of V 0 then V is an invariant for D Z and we have ker◻
This direct sum is orthogonal with respect to Q and Q restricted to V is positive definite. We can therefore complete V to a Hilbert space H c KG . Choosing any inner product on V 0 this defines the topology of a Hilbert space (a Hilbertisable locally convex topology) on ker◻∩C ∞ . The completion with respect to the uniform structure induced by this locally convex topology then is the space
The symplectic form extends to H KG and it is easy to see using the explicit representation in standard form that H KG coincides with the space of solutions with Cauchy data in H 1 (Σ) ⊕ L 2 (Σ) and that the Cauchy data map is a continuous bijection (see [SZ18] for details). Since the space V 0 is finite dimensional H KG is essentially a Hilbert space.
Using Theorem 5.1 below, the following is proved in [SZ18, Theorem 17]. We simplify the statement because the potential V in that article is zero here.
Theorem 3.4. Suppose that ( M ,g) is a spatially compact globally hyperbolic stationary spacetime. Then D Z is a self-adjoint operator on H c KG with discrete spectrum that consists of infinitely many real eigenvalues of finite multiplicity that accumulate at −∞ and +∞.
Since complex conjugation anti-commutes with D Z the spectrum is symmetric about the origin. This means apart from the non-trivial Jordan block in V 0 the operator D Z can be completely diagonalised.
Fundamental solutions and parametrices on M × S 1
In this section, we review the basic results on retarded/advanced Green's functions on globally hyperbolic spacetimes, and apply them to M = M × S 1 .
We consider the Klein- For f, g ∈ C ∞ 0 (Σ) we define the distributions δΣ ,g and δ ′ Σ,f by
where νΣ is the future directed normal vector field toΣ.
Definition 4.2. We define the Cauchy extension operators E 0 , E 1 and E as the operators Indeed, by the support properties of retarded and advanced fundamental solutions we have
As an immediate consequence of Theorem 4.1 we obtain, The following corollary is well known and can also be proved more directly [D96, Theorem 5.1.2]. 
We then obtain the wave front relation of E as the composition of the wave front relations ofẼ given in Theorem 4.1 and the wave front relation of δ, or equivalently the wave front relations of δ ′ Σ,f , δΣ ,g ). Both of these are extension operators, extending a distribution onΣ to a distribution on M ; they are easily seen to be adjoints of the restriction operators
It is well-known that the wave front relation of either restriction operator is the graph of the restriction of a covector ν on M to TΣ, and the wave front relation of the extension operator is the adjoint relation. The composition is transversal and hence is a Fourier integral operator.
We further define the Cauchy restriction operator as follows:
Definition 4.4. Let Σ be any Cauchy hypersurface. Define the associated Cauchy restriction map by,
Comparison with (39) shows that if u = E(f, g) then, (u Σ , ∂ νΣ u) Σ = (f, g), i.e. R◻ is invertible as a bounded operator on (5) and
Although R◻, E obviously depend on the choice of Cauchy hypersurface, we suppress the dependence in the notation. We also need the 'global' restriction operator on all of C 1 ( M ), defined by the same formula as in Definition 4.4. The proof is given in [ToZ13, Section 5.2], along with a discussion of a complication in the statement due to normal and tangential directions toΣ. Namely, the canonical relation contains points (q, 0; q, ξ) when ξ ∈ N * Σ and such points are not allowed in the Hörmander definition of homogeneous Fourier integral operators in I k (X, Λ). To deal with this problem, one needs to introduce a cutoff away from normal direction, as in [ToZ13, Section 5.1], and then the cutoff restriction operator does satisfy the statement of Lemma 4.5. As long as such conormal directions do not arise in the compositions defining the trace, they may be ignored. For the sake of expository brevity, we ignore the conormal directions in Lemma 4.5 and only verify during the trace calculations that they do not arise in the compositions.
The wave trace of D Z in H KG and ladder Hilbert spaces
In this section we review [SZ18, Theorem 14] and [SZ18, Theorem 17], since we need these results in the present article. DefineŨ (t) to be translation by e tZ on ker◻. This clearly extends to the spaces H KG and H c KG .
Theorem 5.1. Suppose that ϕ ∈ C ∞ 0 (R). Then the operator
is trace-class, and its trace equals
As explained in [SZ18] , a coordinate invariant way to state Theorem 5.1 is that
where * is the Hodge star operator on M and wherẽ
Since E is skew-symmetric and commutes with the flow,
Hence, we also have Corollary 5.2. The distributional trace defined above equals
5.1. The trace of U(t, s). We now consider the joint propagator
We also define,
Similar to [SZ18, Theorem 14], we have,
. Then the operator
The integral is independent of the choice of Cauchy surface Σ.
There is a more coordinate invariant way to write this expression, namely,
where * is the Hodge star operator on M . We consider the commuting joint eigenvalue problem on M ,
The following result follows from Theorem 3.4
Proposition 5.4. The joint spectrum of the eigenvalue problem
in H KG on M = M × S 1 is discrete in R × R, and the eigenfunctions (u m,λ j (m) ) λ j =0 are C ∞ and define an orthonormal basis of H c KG .
Quantum Ladders and ladder traces
Next we define the quantum ladders corresponding to the classical ladders in Section 2.3.
We define the Fourier integral operator,
Note that the operator ψ(D Z −νD s ) is a properly supported Fourier integral operator C ∞ ( M ) → C ∞ ( M ).
6.1. Quantum ladder traces. To prove Theorem 1.1, we express the generating functions (10) as ladder traces.
Definition 6.1. Letψ ∈ C ∞ 0 (R). The 'fuzzy ladder' projector (9) of slope ν defined by ψ is the approximate projector,
We can then represent the generating functions (10) by traces:
Proof. This follows directly from the definitions (10) and the spectral theory of Proposition 5.4.
We concentrate on the first trace, since it is sufficient for the proof of our main results. We now express the traces in (49) explicitly in terms of kernels. As mentioned in the introduction, H KG is not a subspace of L 2 ( M ) so we cannot express the restriction to H KG by an orthogonal projection. But, the mapẼ maps onto the space of smooth solutions we have
We now express traces in terms of the kernel of this operator.
Lemma 6.3. For any g ∈ C ∞ 0 (R) the distribution
is smooth. Hence, the operator G is trace-class.
Proof. This is proved by showing that the wave front set W F of G(x, y) is empty. Such wave front set calculations are performed in the next section, so we postpone the proof until then.
Theorem 6.4. As a distribution on R,
Equivalently,
More precisely, for any g ∈ C ∞ 0 (R),
The integrals are independent of the Cauchy surface chosen.
Here, dVolΣ is the Lorentzian surface measure. In case g is even and ψ is even this simplifies to g(t)Υ
(1)
Proof. The trace formula follows from Theorem 5.3, in particular the simpler form (46). To obtain (52) from (46), it suffices to observe that the trace in (52) replaces (t, s) by α(s, t) = (s, t − νs) and then integrates in s againstψ(s).
We now give a second proof that does not use [SZ18, Theorem 14] or Theorem 5.3 explicitly.
Proof. We introduce the Σ-dependent ladder projector:
as an operator on the Cauchy data space H 1 (Σ) ⊕ L 2 (Σ).
Note that under the extension-restriction identification in Definition 4.2-Definition 4.4, the S 1 action acts by rotations on H 1 (Σ) ⊕ L 2 (Σ). Although (54) depends on the choice ofΣ, the trace formula it induces does not.
By (40), and by (48)-(54), Υ
(1) ν,ψ (t) = Tr H KG Π ν,ψ e itDs is given by,
(s) * (d xẼs,t−νs (x, y) − d yẼs,t−νs (x, y)) x=y ds dVolΣ(x).
(55) In the first line, TrΣ denotes the trace on the finite energy Cauchy data space. The first line holds because R◻ is an invertible operator (see Definition 4.4) conjugating Ψ ν,ψ on H KG and (54).
Microlocal calculation of the singularity of Υ
Our goal now is to determine the singular support of Υ (1) ν,ψ (t), and to calculate the coefficient of the leading singularity at t = 0. We use the symbol calculus of Fourier integral operators as in [DG75, GU89] in the calculation. By Theorem 6.4, the distribution trace may be expressed in several ways as a composition of simpler Fourier integral operators. We consider two ways to group the compositions, each of some independent interest in related problems.
The first is to use (53) and to consider the trace as the composition ∆ * Σ RΣ ×Σ e itDs ψ(D Z − νD s )Ẽ of the following Fourier integral operators:
• e itDs , the translation operator on S 1 by e it .
• RΣ ×Σ ∶ M × M →Σ ×Σ, the restriction operator, i.e. pullback under the embedding
the pushforward is integration overΣ.
A second grouping is to compose in the order:
of with a sequence of pullbacks and pushforwards under the maps defined by:
The first method emphasizes the fundamental operator ψ(D Z − νD s )Ẽ, and so we follow this approach. The second is useful if one would to study the singularities of the two-variable trace Tr H KG U(t, s)Ẽ first. 7.1. Background on Fourier integral operators and their symbols. The advantage of expressing Υ
(1) ν,ψ (t) in terms of pullback and pushforward is the symbol calculus of Lagrangian distributions is more elementary to describe for such compositions. We refer to [HoIV, GS77, D96] for background but quickly review the basic definitions. Assume that F ∶ M → N is a smooth map between manifolds. Let Λ ⊂ T * N be a Lagrangian submanifold. Then its pullback is defined by,
On the other hand, let Λ ⊂ T * M. Then its pushforward is defined by,
The principal symbol of a Fourier integral operator associated to a canonical relation C is a half-density times a section of the Maslov line bundle on C. We refer to [HoIV, Section 25.2] and to [D96, Definition 4.1.1] for the definition; see also [DG75, GU89] for further expositions and for several calculations of principal symbols closely related to those of this article.
The order of a homogeneous Fourier integral operator A∶ L 2 (X) → L 2 (Y ) in the nondegenerate case is given in terms of a local oscillatory integral formula
where the order of the amplitude a(x, y, θ) is the degree of the top order term of the polyhomogeneous expansion of a in θ, and N is the number of phase variables θ in the local Fourier integral representation (see [HoIV, Proposition 25.1.5]); in the general clean case with excess e, the order goes up by e 2 (see [HoIV, Proposition 25.1.5'] ). The order is designed to be independent of the specific representation of K A as an oscillatory integral. The space of Fourier integral operators of order µ associated to a canonical relation C is denoted by
, and if C 1 ○ C 2 is a 'clean' composition, then by [HoIV, Theorem 25.2.3],
where e is the 'excess' of the composition, i.e. if γ ∈ C, then e = dim C γ , the dimension of the fiber of C 1 × C 2 ∩ T * X × ∆ T * Y × T * Z over γ.
Pullback and pushforward of half-densities on Lagrangian submanifolds are more difficult to describe. They depend on the map f being a morphism in the language of [GS77, page 349]. Namely, if f ∶ X → Y is a smooth map, we say it is a morphism on half-densities if it is augmented by a section r(x) ∈ Hom( Λ 1 2 (T Y f (x) , Λ 1 2 T x X), that is, a linear transformation mapping densities on T Y f (x) to densities on T x X. As pointed out in [GS77, page 349], such a map is equivalent to augmenting f with a special kind of half-density on the co-normal bundle N * (graph(f )) to the graph of f , which is constant along the fibers of the co-normal bundle. In our application, the maps are all restriction maps or pushforwards under canonical maps, and they are morphisms in quite obvious ways. Note that under pullback by an immersion, or under a restriction, the number n of independent variables is decreased by the codimension k and therefore the order goes up by k 4 . Pullbacks under submersions increase the number n. Pushforward is adjoint to pullback and therefore also decreases the order by the same amount.
As examples relevant to this article, we record some basic calculations of canonical relations and orders in [DG75] in the setting of half-wave groups e itQ generated by positive elliptic first order pseudo-differential operators Q on a Riemannian manifold X. Let ∆ ∶ M → M × M be the diagonal embedding. The corresponding pullback operator ∆ * is a Fourier integral operator of order n 4 where n = dim X, and has canonical relation,
Moreover, the wave group U(t) = e itQ of any positive elliptic operator is a Fourier integral operator of order − 1 4 associated to the space-time graph of the bi-characteristic flow Φ t , i.e. Hamilton flow of the principal symbol σ Q of Q. It follows that ∆ * U is a Fourier integral distribution on R × X with canonical relation,
Moreover, if Π ∶ R × X → R denotes the natural projection, then the associated push-forward Π * has order 1 2 − n 4 when n = dim X, and W F ′ (Π * ) = {(((t, τ ), ((t, τ ), (x, 0)))}.
The wave traceσ(t) = Tr e itQ is a Fourier integral distribution on R of order − 1 4 + d 2 = − 1 4 + 2n−1 2 where d = dim S * X, and
The principal symbol of Tr e itQ at t = 0 on T * 0 R is a half-density on the negative sub-cone and is calculated in [DG75, Proposition 2.1] and equals C n Vol(S * M) dτ 
Proof of Theorem 1.1
We now prove Theorem 1.1. In keeping track of the orders (and universal dimensional constants) of the many compositions to follow, it is helpful to keep in mind that they all must agree with the product case of Section 12. Although we provide details on orders and symbols of the partial compositions en route to the final result, it is not really necessary to do so because we only need to know the order of the final composition, and we have computed it in the product case in Section 12. For this reason, we only give full details on the canonical relations, and do not always give full details on orders.
The first step in proving Theorem 1.1 in the first approach of Section 7 is to prove, Lemma 8.1. Let ν be admissible and let suppψ ⊂ [− π ν , π ν ]. Then, ψ(D Z − νD s )Ẽ(x, y) is a Fourier integral operator,
with canonical relation,
This canonical relation is parametrized by
and its principal symbol is
where Char( 1 2◻ , P ν ) = DChar ν is the double-characteristic variety of Definition 0.2, and µ DCharν is the natural Liouville surface measure on this variety.
We then compose this canonical relation with that ofẼ, given in Theorem 4.1, to obtainL ν . Further, we compose the principal symbol ofẼ (also given in Theorem 4.1 with the principal symbol of ψ(D Z − νD s ) to obtain the stated order and principal symbol.
Next we compose with e itDs to obtain, Lemma 8.2. e itDs ψ(D Z − νD s )Ẽ(x, y) is a Fourier integral operator,
, and principal symbol,
This again follows from the composition formula, using that e itDs introduces the new variable t and is of order − 1 4 .
We then compose with RΣ ×Σ , the pullback under the embedding ιΣ ×Σ ∶Σ ×Σ → M × M and use (57) to calculate that the canonical relation of RΣ ×Σ e itDs ψ(D Z − νD s )Ẽ(x, y) is
We note that p s (q, ξ) = p s (ζ), where ζ TΣ = ξ, sinceΣ = S 1 × Σ and the restriction does not touch the S 1 factor. The principal symbol is also the pullback
The embedding ιΣ ×Σ is a 'morphism' and the pull-back of the Liouville measure µ DCharν is the Liouville measure on the codimension two submanifold of T * Σ × T * Σ defined by the pullback of the defining functions ι −1 Σ×Σ ( 1 2 g(ξ, ξ), p ν (ξ) of the double characteristic variety. As explained in [SZ18, Section 1.1], the restriction of a null co-vector toΣ defines a covector in T * Σ ∖ 0, defining an invertible mapÑ to T * Σ ∖ 0, since for each element η ∈Ṫ * Σ there is precisely one lightlike future directed covector ξ ∈ T * M ∖ 0 whose pull-back is η. The Hamiltonian p ν (16) also restricts to T * Σ and thus defines a codimension one conic submanifold we denote by
where the right side is the Liouville density of p −1 Σ (0).
Remark 8.3. Note that Z is transverse toΣ; in the special case of static spacetimes, one may define Σ to a hypersurface normal to Z. In that case, the restriction p ν T * Σ would be equal νσ T * Σ and its zero set would be T * Σ.
The next step is to compose with the diagonal embedding ∆Σ. Using its canonical relation in 7.1, the canonical relation of
The final step is to compose with ΠΣ * (integration overΣ) and use the wave front relation for this operator in Section 7.1 to get that
We re-write the fixed point equation as
is a product flow, the fixed point equation splits into two equations:
This proves the statement
in Theorem 1.1.
Remark 8.4. If we change the circle S 1 from R 2πZ to R T Z, then the second condition becomes t − νt ′ ∈ 2π T Z for some t ′ ∈ P ν . Next we determine the singularity at t = 0. The order of the singularity is given by e 2 , where is the excess e of the composition defining the trace. As in [DG75, Theorem 4 .5], if the dimension of the fixed point in the level set N 1 (ν) is d, then the principal singularity is the homogeneous distribution µ d−1 2 = ∫ R s d−1 2 e −ist ds. For t = 0, the fixed point set all of N 1 (ν) ∶= {(x, ξ) ∈ N 1 ∶ ⟨ξ, Z⟩ = ν}, and has dimension d = 2n − 3. Hence the leading singularity is of type µ n−2 as stated in Theorem 1.1. Note that, as mentioned above, N 1 ≃ T * Σ (of dimension 2n − 2). Denoting the Liouville measure on this manifold by µ L , it follows that the principal symbol over 0 is given by,
This gives a leading singularity of the form (2π) −n+1ψ (0) µ L (N 1 (ν))µ n−2 (t) completing the proof of Theorem 1.1.
Further Fourier integral operator calculations
Although we do not need them to prove Theorem 1.1, we provide some further calculations of canonical relations and principal symbols using the second approach to the composition in Section 7, since they are also of interest and are closer to the calculations in [SZ18] . 9.1. Tr H KG U(t, s) as a Fourier integral distribution. The next Proposition is analogous to the calculations in [SZ18, Section 7.2]. In the following, we composeẼ with U(t, s) rather than with ψ(D Z − νD s ) and take the trace.
Proposition 9.1. The distributional trace
is a Fourier integral distribution on R × S 1 of order n − 1, with wave front relation,
Remark 9.2. Recalling the analogy with the traceσ of the wave group in [DG75] , with N playing the role of T * X, we see that the order is consistent with the order − 1 4 + 2n−1 2 with 2n−1 = dim S * X ofσ mentioned in Section 7.1. There is an extra time variable by comparison withσ so the order should be − 1
Proof. The proof is very similar to that of [SZ18] for the case of Tr U(t) on H KG . The only difference is that we know consider the two-parameter flow U(s, t) (44). We first describe U(t, s) as a Fourier integral operator. Define the 'moment Lagrangian',
where τ = p Z (ζ), σ = p s (ζ). Remark 9.4. In the setting of compact Riemannian manifolds, the multi-variable trace formula was analyzed in [CdV79] , and the analysis is similar in the present Lorentzian setting.
We next describeẼ t,s = U(t, s)Ẽ as a Fourier integral operator. The description is almost immediate from the Duistermaat -Hörmander theorem reviewed in Theorem 4.1.
Here,C is defined in (38). The canonical relation C is parametrized by 
Proof. This follows by the composition calculus using thatẼ t,s = U(t, s)Ẽ. Composing with E is transversal, so U ○Ẽ ∶=Ẽ t,s is also a Fourier integral operator, whose canonical relation is the composition of the Hamiltonian flows of the three principal symbols in (32). The order of the composition is given by the sum rule in Section 7.1 with e = 0, using Theorem 4.1 and Lemma 9.3.
The operator with kernel d xẼt,s (x, y) has order −1 and principal symbol equal to 1 2 (2π)(ξ∧) ds Proof. Except for the fact that we have two flows, e tZ , e s ∂ ∂s , the proof is essentially the same as for [SZ18, Lemma 25] . Therefore, we only sketch the proof and concentrate on the additional features. Λ is the composition ΛΣ ○ C, namely,
, (e s ∂ ∂s e tZ (ζ 1 ), ζ 2 ) ∈ C} = {(t, τ, s, σ, (e s ∂ ∂s e tZ ζ 1 ) TΣ , ζ 2 ) τ = ζ 1 (Z), σ = p s (ζ 1 ), (ζ 1 , ζ 2 ) ∈ C ∩ T * Σ M × T * M} We pull back to the diagonal using the definitions in Section 7.1 to determine the canonical relation. Regarding the order, we use the statement in Section 7.1 that under pullback the order increases by k 4 where k is the codimension. The composite pullback to the diagonal of M (increasing the order by n+1 4 and then by restriction toΣ (increasing the order by 1) implies the order statement in the Lemma.
Finally, we consider the pushforward defined by integration overΣ.
Lemma 9.7. The order of π * (R Σ ∆ * d x E t,s (x, y))) is −1 + n+2 4 + 1 − n 4 + 2n−3 2 = n − 1 and its canonical relation is given by,
Proof. The canonical relation is the pushforward of the one in the previous Lemma. As in the calculation of the order of the pushforward in Section 7.1, the order of the pushforward is 1 − dimΣ 4 (since we have two time variables). The composition is not transversal, but has an excess e = 2n − 2 equal to the dimension of the fixed point set, which is all of SÑ and has dimension 2n − 3. This proves Proposition 9.1. 9.1.1. Principal symbol of Tr H KG U(t, s) at (t, s) = (0, 0). Proposition 9.1 implies the first statement of Theorem 1.1, namely that the pair of singular times are a subset of the periods of (s, t) → e s ∂ ∂s e tZ e tZ acting onÑ . The calculation of the principal symbol of the trace at (s, t) = (0, 0) is essentially the same as in [SZ18, Section 7.2.1].
The principal symbol is a homogeneous half-density on T * (0,0) R 2 and therefore may be represented as a homogeneous multiple of dτ ∧ dσ 1 2 . The coefficient density is the volume of the fiber P −1 N (τ, σ) ⊂Ñ , where P N = (p Z , p s ) with respect to the natural 'Leray form' Ω N dp Z ∧dps (see e.g. [CdV79] ). By definition, this is the Liouville measure on the codimension-two fiber. We denote it by µ L (P −1 N (s, τ ). Then, Corollary 9.8. The order of Tr H KG U(t, s) at (t, s) = (0, 0) equals n − 1 and the principal symbol at (s, t) = (0, 0) is the half density on T * (0,0) R 2 given by
Proof. By Lemma 9.5 and Lemma 62, the operator with kernel d x E t,s (x, y) has order −1 and principal symbol equal to 1 2 (2π)(ξ∧) dt at s = t = 0, where C n is a dimensional constant. Note that dimÑ = 2(n + 1) − 2 and the fiber has dimension 2n − 2, so µ L (P −1 N (s, τ )) is homogeneous of degree n − 1. 
Note that U(s, t − νs) = e i(t−νs)Ds e sD Z (44). As above, let α(t, s) = (s, t − νs).
The change of variables results in composing the canonical relation of Lemma 9.7 with the graph of the canonical transformation (t, s, τ, σ) ∈ T * R 2 → (α(t, s), (dα) * −1 (τ, σ)), or equivalently, pulling it back under this map. Thus, the canonical relation of α * π * (R Σ ∆ * d x E t,s (x, y))) is given by,
We then pushforward under ρ(s, t) = t to get,
(66) If α(t, s) = (s, t − νs), then α −1 * (τ, σ) = (ντ + σ, τ ), and the condition that s (x, y) )) further adds the condition that the WF point is (s, t − νs, ντ, τ ). Note that p ν (ντ, τ ) = 0. If we denote the equivalence class of γ ∈Ñ with respect to the S 1 action by [γ] the condition is that
as claimed in Theorem 1.1. 9.3. Comparison to [GU89] . The distribution Υ (1) (t) is the analogue of
[GU89, (4.2)]. In [GU89, Theorem 2.8] they calculate its order and principal symbol at s = 0.
be the fixed point variety [GU89, (2.5)], where W = X 1 ∩ X 2 is a codimension two coisotropic submanifold, with X 1 = p −1 (k 1 ), X 2 = q −1 (k 2 ), where p = σ P , q = σ Q and k = (k 1 , k 2 ) generates the ladder (line) L. S ∶ F → R is [GU89, (2.8)], the map,
The dimension of F for a given t is the excess of the composition in [GU89, (3.10)] and the order of Υ at a singularity s is dim S −1 (s) 2 − 3 2 At s = 0 its order (or "degree") is d 2 − 1 where d = dim S −1 (0) ⊂ F . The half-density part of the symbol is defined as follows: first, define the density α on F [GU89, (4.11)] by
where α 1 is Liouville density on {p = 1}, α 2 is Liouville density on {q = 1}. The principal symbol of Υ by the integral over S −1 (0) of the density 2πψ(t)α times a Maslov and sub-principal phase which is zero in our case.
As mentioned in the introduction, our result on Υ (1) is not simply the Lorentzian analogue of theirs because H KG is not a subspace of L 2 ( M ). But, at least intuitively, we may relate our result to theirs as follows: our Υ (1) , as in [GU89, (4.2)], corresponds to the case ℓ 1 = 0, ℓ 2 = 1, k 1 = ν, k 2 = 1. The cotangent bundle T * M of [GU89] should be replaced by Char(◻) (or, more precisely, by its quotientÑ by the geodesic flow.) The co-isotropic cone of the present article is σ(σ D Z −νσ Ds ) = 0 or ⟨ξ, Z⟩ = ν⟨ξ, ∂ s ⟩. For us, ξ = (ξ ′ , σ) and the equation is ⟨Z, ξ ′ ⟩ = νσ. The base of the cone may be fixed by setting σ = 1 and from the equation, our W is {τ = ν, σ = 1}. Thus, our ℓ is R + (ν, 1).
Proof of Theorem 1.2
In this section we study the asymptotics of the smooth Weyl functions (4).
We determine the asymptotics as m → ∞ by studying the singularity of (25) at s = 0 and applying a Hardy Tauberian theorem. Thus, we study the Hardy distribution,
Its Fourier transform is the Hardy space distribution,
which may be regarded as a Hardy Fourier series on S 1 . We now give background on Hardy Fourier series. The space of Hardy distributions H + (S 1 ) is the space of distributions with only positive Fourier coefficients. Such distributions are boundary values of holomorphic functions in the upper half-plane. Hardy Lagrangian distributions are sums of Hardy homogeneous distributions, for which the Fourier coefficients are homogeneous in m. We define the space H + r (S 1 ) of homogeneous Hardy distributions of degree s to be the one-dimensional space spanned by
It has singularities only at t ∈ 2πZ.
Proposition 10.1. Assume that the fixed point sets of the flow of e tZ on (26) are clean. Then, there exist coefficients A k , A jk such that:
Proof. It is clear that Υ (1) ν,ψ (s) is periodic and by definition has only positive frequencies.
Moreover, it is a Lagrangian distribution, i.e. a sum of homogeneous distributions near 0. Since the distributions (70) span the periodic Lagrangean Hardy distributions, it follows that it may be expressed as a sum of these distributions. We only need to know the order of the terms, and these are given in Theorem 1.1.
To complete the proof of Corollary 1.2, we combine Proposition 10.1 with (70). We are only interested in the singularity at s = 0 so we ignore the second term, which has homogeneous singularities away from s = 0. We thus have,
where ≃ means that the difference of the two sides is smooth in a neighborhood of s = 0. By matching Hardy Fourier expansions, it follows that (cf. (4))
where ≃ means here that the two sides differ by a rapidly decaying function of m. This is precisely the statement of Theorem 1.2 .
Proof of Theorem 1.3
In this section we prove Theorem 1.3 for the sharp Weyl functions (3),
where C > 0 is a given constant. The main point is to replace ψ in Corollary 1.2 by an indicator function. First we will need a proof of Lemma 1.4. We now need to take into account the other periods τ j in Proposition 10.1. But the cleanliness and measure-zero assumption implies that the dimensions n j of the fixed point set at periods other than 0 are strictly smaller than n. Hence, the additional terms for non-zero periods contribute O(m n−3 ). The assumption of cleanliness is in fact not necessary. If we just assume measure zero, the remainder is of order o(m n−2 ). This follows from the now-standard Duistermaat This is an immediate corollary of Lemma 1.4, using a test function satisfying ψ ≥ 1 on the indicated set. Now let δ > 0 and for any test function ψ let ψ δ (x) = δ −1 ψ(δ −1 x). Then define,
Lemma 11.2. For any 0 < γ < C and N sufficiently large, there exist constants k(N), K(N) such that
The proof is essentially identical to that of [DG75, Lemma 3.3] and [BrU91, Lemma 3.4], and is omitted.
To complete the proof of Theorem 1.3, we use Lemma 11.1-Lemma 11.2 to obtain, Letting C → C + γ and then C → C − γ and letting γ → 0 concludes the proof.
Product ultra-static spacetimes
As mentioned in the Introduction, the 'ladder' asymptotics of this article are non-standard even in the case of product spacetimes. To clarify the symplectic geometry in the simplest setting, we briefly run through the ladder theory of this article in the case of product spacetimes R × Σ where Σ is compact. In particular, we aim to clarify the relation between the massive geodesic flow on the unit mass hyperboloid and the spaceÑ ν (26).
We first identity the function N ν,ψ (m) of Corollary 1.2 and of N ν,C (m) of Theorem 1.3 in the case of product (ultra-static) spacetimes (M, g) = (R × Σ, dt 2 − h) , where (Σ, h) is a compact Riemannian manifold of dimension n − 1. Of course, the results in this case are the well-known Weyl asymptotics for Laplacians of compact Riemannian manifolds, but the calculations illuminate the nature of the asymptotics in the general stationary setting and given simple tests of the numerology.
Let ∆ = ∆ h denote the Laplacian of (Σ, h) and let (ϕ j , −ω 2 j ) denote its spectral data, i.e. (∆ + ω 2 j )ϕ j = 0. The solutions of the system (2) obviously have the form, u j (t, x) = e itλ j ϕ j (x)
where λ 2 j = m 2 + ω 2 j . Thus, λ j (m) = ± m 2 + ω 2 j . The quantum ladder L ν is defined, roughly speaking, by
In fact, instead of homogenizing and summing in m, we work on Σ = R n−1 and compute the semi-classical asymptotics as m → ∞ of (We repeat that we do not integrate in x, so the integrals are well-defined distributions with the same singularities as in the compact spacelike case). Then (73) ≃ ∫ R ∫ R n−1ψ (t)e it m 2 + ξ 2 e −itmν dtdξ = m n−1 ∫ R ∫ R n−1ψ (t)e itm 1+ ξ 2 e −itmν dtdξ = α n−1 m n−1 ∫ R ∫ ∞ 0ψ (t)e im t 1+ρ 2 −tν ρ n−2 dρdt .
Here ξ = ρω in polar coordinates and α n−1 is the surface area of the sphere in R n−1 . The phase is stationary when (and only when) 1 + ρ 2 = ν, t = 0 if suppψ is sufficiently small. Stationary phase then gives the expansion,
consistently with the asymptotics in Theorem 1.2. It follows that the principal singularity at t = 0 of (10) is given by, Υ (1) (s) ∼ α n−1 (ν 2 − 1) n−2 2 ν √ ν 2 − 1ψ (0) ∞ m=0 m n−2 e ims = α n−1 (ν 2 − 1) n−2 2 ν √ ν 2 − 1ψ (0) µ n−2 (s).
For the trace in the compact case, we would integrate over Σ and pick up the extra factor of Vol h (Σ). The result then agrees with Theorem 1.1, once we show that µ L (N 1 (ν)) = α n−1 (ν 2 − 1) n−2 2 Vol h (Σ) in this case (see (75) below.) If instead we follow the homogenization procedure of this article by letting m ∈ Z be eigenvalues of S 1 and study ladders inΣ = Σ × S 1 . We then define M = Σ × S 1 × R and ◻ = ∂ 2 ∂t 2 − ∂ 2 ∂s 2 − ∆, where ∆ = ∆ h . The null solutions of◻ then have the form, u m,j (s, t, x) = e ims e it ω 2 j +m 2 ϕ j (x). The singularity at s = 0 is determined in by the same Fourier integral techniques as in [DG75, GU89] or as in previous sections. Note that in the product case, E(t, t ′ ) = (∆) − 1 2 sin((t − t ′ )(∆) 1 2 ). We now identify the set of admissible ν in the sense of Definition 0.3, the double characteristic variety DChar ν (s, σ) of Definition 0.2, the allowed region A ν where ∂ ∂t − ν ∂ ∂s is spacelike, the governing flow e tZ on N 1 (ν), and the volume of N 1 (ν).
Lemma 12.1. We have:
(1) The set of admissible ν is the set {ν > 1}.
(2) For ν > 1, A ν = M, i.e. ∂ ∂t − ν ∂ ∂s is everywhere spacelike. Evidently, σ is a homogeneous coordinate playing the role of m. We then defineÑ by quotienting Char by the Hamiltonian flow of σ◻ = τ 2 − ( ξ 2 + σ 2 ). Since the flow preserves each hyperboloid,Ñ = ⋃ σ∈R H σ ∼ .
In Section 2.1 we defined a homogeneous symplectic isomorphism ι ∶Ñ → T * Σ (31), which amounts here to restricting the null covector (τ, ξ, σ) to T t,x,sΣ . SinceΣ is a level set of the time variable t, dt = 0 (and so τ = 0) on TΣ, and ι(t, x, s; τ, ξ, σ) = (t, x, s; 0, ξ, σ).
The Killing vector field in this context is Z = ∂ ∂t , and the principal symbol of D Z is ⟨(τ, ξ, σ), ∂ ∂t ⟩ = τ . The ladder is non-empty if and only if ν ≥ 1; since the equations to not involve the base variables (t, x, s), A ν = M when ν ≥ 1 and is empty otherwise. We henceforth assume ν > 1.
The classical ladder in T * M (or inÑ ) is defined by p µ (t, x, s; τ, ξ, σ) = τ − νσ = 0, and is given by For fixed (s, σ), the classical ladder is the τ -slice of a mass hyperboloid (bundle), {τ = σν, ξ = σ √ ν 2 − 1}.
As above, we fix σ = 1 to de-homogenize and then obtain the spherical slice, {τ = ν, ξ = √
